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ABSTRACT 

 

The d-q harmonic detecting algorithms are dominant methods to generate current references for active power filters 
(APF). They are often implemented in the synchronous frame and time domain. This paper researches the frequency 
characteristics of d-q synchronous transformations, which are closely related to the analysis and design issues of control 
system. Intuitively, the synchronous transformation is explained with amplitude modulation (AM) in this paper. Then, the 
synchronous filter is proven to be a time-invariant and linear system, and its transfer function matrix is derived in the 
stationary frames. These frequency-domain models imply that the synchronous transformation has an equivalent effect of 
frequency transformation. It is because of this feature, the d-q method achieves band-pass characteristics with the low pass 
filters in the synchronous frame at run time. To simplify these analytical models, an instantaneous positive-negative 
sequence frame is proposed as expansion of traditional symmetrical components theory. Furthermore, the synchronous 
filter is compared with the traditional bind-pass filters based on these frequency-domain analytical models. The d-q 
harmonic detection methods are also improved to eliminate the inherent coupling effect of synchronous transformation. 
Typical examples are given to verify previous analysis and comparison. Simulation and experimental results are also 
provided for verification. 
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1. Introduction 
 
Active power filters (APF) have been one of the most 

competitive solutions to suppress power system harmonics 
and improve power quality[1][2]. For the control of APF, 
current reference generation scheme plays a crucial role [2]. 
The key to these schemes is harmonics detection, and 

existing approaches can be divided into time-domain 
methods and frequency-domain methods[3]. The 
time-domain methods are the dominant algorithms after 
the proposal of instantaneous power theory[4][5], such as 
“p-q method” based on p-q theory [5], “d-q method” in d-q 
synchronous frame[6][7], and flux-based control method 
etc[8]. Although these time-domain methods are popular 
and easy to implement especially in digital controllers, 
there are still several design-related theoretical questions 
that has not been clearly answered: 

• Since the essential aim of d-q synchronous-frame 
current reference generation methods for APF is 
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separating the fundamental current and the harmonic 
current, what are their filtering characteristics in frequency 
domain?  

• What are the differences and relationship between d-q 
synchronous-frame methods and the traditional filter 
designed in frequency domain? 

• What design allows the low pass filter (LPF) in 
synchronous frame to satisfy the harmonics detection 
requirements in the stationary frame? 

• The loop gain is very important for design and 
analysis of the close-loop performance.  This raises the 
question of how we can evaluate the close-loop gains of 
the control systems based on d-q synchronous frame? 

All these questions are related to the frequency 
characteristics of synchronous transformation. In 1993, a 
frequency analytical model of the p-q method was derived 
and employed in the stability analysis of series active 
power filters (SAPF)[9]. However it is too complicated and 
too academic for electrical engineers in practical 
application. In the research of current close-loop 
regulators, the synchronous proportional integral (PI) 
regulator was analyzed in frequency domain, and a 
stationary PI (or resonant-PI) regulator was subsequently 
proposed[10][11]. But this discussion focused mainly on 
current regulators with a lack of physical meaning and 
explanation. 

In this paper, the synchronous transformation is 
intuitively explained with amplitude modulation (AM) in 
communication theory. A pair of synchronous 
transformations is proven to be time-invariant and linear 
although each one is nonlinear and time-variant. So the 
synchronous filter can be modeled with transfer functions 
in frequency domain and stationary frame. The 
frequency-domain analytical models imply that the 
synchronous transformation has an equivalent effect of 
frequency transformation, by which several band-pass 
filters (BPF) are achieved with the spectral transformation 
of two low pass filters at run time.  

With the stationary frequency analytical models, the 
frequency characteristics of d-q methods are investigated 
in detail. To simplify the analytical model, an 
instantaneous positive-negative sequence frame is 
proposed as an expansion of symmetrical components 
theory. A simpler frequency analytical model is then 

obtained in instantaneous positive-negative sequence 
frame. With intuitive physical meanings, the model in 
instantaneous positive-negative sequence frame is easy to 
understand and apply. 

Based on these analytical models, the d-q synchronous- 
frame current reference generation methods are compared 
with the traditional band-pass filters. Furthermore, 
stationary filters were proposed to eliminate the inherent 
coupling effect of synchronous transformation.  

Typical examples are given to verify previous analysis 
and comparison. Simulation and experimental results are 
also given.  

 

2. Review and Novel Intuitive Explanation 
of Synchronous-Frame D-Q Methods 

 

Fig. 1 shows the widely used synchronous-frame d-q 
current reference generation methods for Active Power 
Filter, where iL is the load current, *

Ci  is the current 

reference to APF, and the transformation operators are 
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Fig. 1  Synchronous-Frame Based d-q Methods for APF 

 

In these synchronous-frame d–q methods, voltage and 
current signals are transformed to a synchronously rotating 
frame, in which fundamental quantities become DC 
quantities, and then the harmonic compensating 
commands are easily extracted. The key operation of 
synchronous transformation is the multiple of the signals 
with trigonometric function, which is much like the 
process of amplitude modulation. Before amplitude 
modulation theory is employed to explain the synchronous 
frame current generation scheme, basic principle of 
amplitude modulation is reviewed. 
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Let F(ω) represents the spectrum of the original signal 
f(t), then the spectrum of the amplitude-modulated signal 
becomes 
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Fig. 2 compares the original signal and its corresponding 
modulated signal with amplitude in both time domain and 
frequency domain. With amplitude modulation, the 
spectrum of the original signal F(ω) is transformed to 
50Hz higher (given that line frequency is 50Hz) as shown 
in Fig. 2. 
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 (b) Modulated signal with amplitude modulation (AM) 
 

Fig. 2  Illustration of amplitude modulation (AM) with 
 waveforms and spectrum plots 

 

Similar to the amplitude modulation, the d-q harmonics 
detection algorithm achieved stationary band-pass filters 
with two low pass filters in synchronous frame. Fig. 3 

intuitively illustrates the synchronous-frame d-q current 
generation scheme with amplitude modulation. The first 
synchronous transformation lowers the current spectrum 
to 50Hz, which is much like amplitude demodulation. 
After the process of lower pass filtering in the 
synchronous frame, the current spectrum increases to 
50Hz higher, and this is much like amplitude modulation. 
In this way, the low pass filter in the synchronous frame 
actually filters out the signal at the fundamental frequency 
(50Hz), so the equivalent effect of the synchronous-frame 
low pass filter is the band-pass filter in stationary frame. 
Detail analysis and precise derivation will be given in the 
next section.  

 

3. Frequency-Domain Analytical Models in 
Stationary Frames 

 
The synchronous filter is the key part of the 

synchronous-frame based d-q methods for APF. In the view 
of the system, the synchronous filter could be modeled as 
a black box, shown as Fig. 4. With the intuitive explanation 
with amplitude modulation, the synchronous transformation 
is analyzed in frequency domain in this section and a 
frequency analytical model of synchronous filter is given. 
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Fig. 3  Novel and intuitive explanation of d-q synchronous frame current generation scheme with amplitude modulation (AM) 
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Because αβ  transformation is a linear transformation, 
the key of the discussion is the modeling of a pair of 
synchronous transformations. Consider the transfer 
function matrix of ( )αβ sH  in αβ  stationary frame  
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where 
T

( ) ( ) ( )s i s i sαβ α β⎡ ⎤= ⎣ ⎦I  is the input vector of 

currents in αβ  frame, and 
T

( ) ( ) ( )f f fs i s i sαβ α β⎡ ⎤= ⎣ ⎦I  

is the corresponding fundamental component of currents. 
All elements are in terms of Laplace transformation. 

In the appendix of this paper, the synchronous filter is 
proven to be a time-invariant linear transformation, and 
the transfer function matrix of ( )αβ sH  is derived as 
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where h(s) is low pass filter in d-q synchronous frame. 
This means the LPF of h(s) is transformed to a band-pass 
filter with frequency conversion to 50Hz higher.  

Fig. 5 illustrates this analytical model of ( )αβ sH  in 

stationary frame and frequency domain. From Fig. 5, 
unexpected coupling effect is found in synchronous-frame 
d-q methods, which makes the design of close-loop 
regulator complicated. Some modifications have been 
proposed to decouple the d-q methods [12].  

It is more direct to investigate the transfer function 
matrix of d-q methods in a-b-c stationary frame as 
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Fig. 5  Modeling of synchronous filter in frequency domain and 

stationary frame 
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where ( )ai s , ( )bi s  and ( )ci s  are three phase currents, 

and ( )afi s , ( )bfi s  and ( )cfi s  are the corresponding 

fundamental components of currents. All elements are in 
terms of Laplace transformation. 

In the a-b-c stationary frame, the frequency-domain 
analytical model ( )abc sH  can be obtained from ( )αβ sH  
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with a and b given by (5) and (6). 

It is clear in (8) that the synchronous filter has coupling 
effect among three phases, which means the synchronous 
filter is only suitable for symmetrical systems.  

 
4. Frequency-Domain Analytical Model in 

Positive-Negative Sequence Frame 
 
To simplify previous frequency-domain analytical 

models of d-q methods, an instantaneous positive-negative 
sequence frame is proposed as an expansion of 
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symmetrical components theory.  
 
Define 
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where ia(s), ib(s) and ic(s) are three-phase currents in terms 
of Laplace transformation, and ( )i s+ , ( )i s− and 

( )0i s are the positive, negative and zero sequence 

separately.  
In this positive-negative sequence frame, the frequency 

analytical model becomes very simple without coupling as 
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where fi+  and fi−  indicate the positive and negative 

sequences of fundamental currents respectively. 
 

5. Analytical Example 
 
This section gives an example for demonstration. 

Assume that the low pass filter in d-q methods is second 
order with the transfer function given by  
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Fig. 6 shows its Bode plot and Nyquist plot. Here the 

axis is given in linear scale.  
With previous analytical model of (4), the αβ -frame 

transfer function matrix of d-q methods can be obtained by 
transformation of (12) as 
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Fig. 6  Spectrum of a second-order low pass filter 
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Fig. 7 and Fig. 8 show the Bode plot and Nyquist plot 

of the diagonal element and coupling element 
respectively of (13). These plots can be directly obtained 
from Fig. 6 by frequency transformation. 
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(a) Bode plot (b) Nyquist plot 
Fig. 7  Equivalent spectrum of the diagonal element in ( )sαβH  

 

 

ω → +∞
ω → −∞

(a) Bode plot (b) Nyquist plot 
Fig. 8  Equivalent spectrum of the coupling element in ( )sαβH  
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6. Comparisons of Reference Generation 
Methods in Frequency Domain 

 
Based on the previous frequency-domain analytical 

models, the time-domain d-q synchronous filter can be 
compared with the traditional band-pass filter, which are 
generally designed in frequency-domain.  

 
6.1 Comparison with traditional band-pass filter 
The tradition frequency-domain band-pass filters have 

many types and may be implemented with either analog or 
digital devices. The most popular and practical design 
method is spectral transformation from a uniformed low 
pass filter, with the mapping function given by 
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where 0ω  is the target center frequency of BPF, and Q is 

the quality factor of the target band-pass filter.  
In comparison of this traditional design method for 

band-pass filters, the d-q frame synchronous filter also 
achieves band-pass characteristics with lower pass filters. 
Their difference is that the traditional band-pass filter is 
transformed from LPF in the design stage, while the 
synchronous filter performs in the run-time. 

Fig. 9 comparatively shows the Bode plots of the 
synchronous filter and traditional band-pass filter. Given 
the same prototype low pass filter, the d-q frame 
synchronous filter and the traditional band-pass filter have 
the similar frequency-domain characteristics. In this case, 
their differences appear only below –20dB. 
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Fig. 9  Bode plots comparison of different band-pass filters 

With deeper analysis of Fig. 9, it can be found that the 
spectrum of the traditional BPF is geometrically 
symmetrical with the frequency axis in the log scale 
because the bind-pass filter transforms the low pass filter 
with the mapping function given by (14), while the 
spectrum of d-q synchronous scheme is mathematically 
symmetrical with the frequency axis in the linear scale. 

 
6.2 New decoupled stationary d-q method  
As shown in Fig. 5, the d-q methods have inherent 

coupling effect from the synchronous transformation. The 
d-q methods would be decoupled if the references were 
calculated in stationary frame with their frequency 
analytical models. The decoupled stationary-frame d-q 
method in the stationary frame can be easily obtained with 
the diagonal of ( )abc sH or ( )αβ sH . This modification 

expands the d-q methods from symmetrical systems to 
unsymmetrical systems. 

It is generally easier to design and implement the d-q 
method in a synchronous frame than stationary frame. But 
with the rapid advancement of powerful yet cheap digital 
signal processors (DSP), some popular interpretations of 
synchronous filters should be updated. 
 

6.3 Simulation results 
Comparative simulations were held to detect the 

fundamental component from the currents of a three-phase 
rectifier. All band-pass filters take the second-order LPF 
of (12) as target filter.  

Fig. 10 shows the simulation results. Each filter obtains 
similar results in both steady state and transient state.  

 

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
-50

0

50

Time(s) 

C
urrent(A

)

Fundamental current reference 
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

-50

0

50

C
urrent(A

)

D etected current 

Synchronous Scheme
Stationary Scheme
Bind-pass Filter

 
Fig. 10  Comparison with time-domain simulation 



Frequency Characteristics of the Synchronous-Frame Based D-Q Methods for …            97 
 
 

7. Experimental results 
 

To verify the previous analysis, the synchronous filter, 
the traditional bind-pass filter and the proposed stationary 
filter are realized in DSP (TMS320F2812) and their 
performances are compared within the experiments. Fig. 
11 shows the experimental configuration.  
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Lfbi
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Fig. 11  Experimental configuration based on DSP 

 

The inputs are currents of a three-phase rectifier with 
inductor, which is the typical harmonic source of power 
quality problems. Fig. 12 shows the experimental result in 
the symmetrical system. All the filters show similar 
performance in both transient and steady states.  

Fig. 13 shows the result when the input currents are 
unsymmetrical. In this case, the synchronous filter can 
only generate symmetrical output because of the 
unexpected coupling effect, while the traditional bind-pass  

 

filter and the proposed stationary filter work well in the 
unsymmetrical system. 

 
8. Conclusion 

 
The synchronous transformation was intuitively 

explained with amplitude modulation and frequency 
transformation. The transfer function matrix of the 
synchronous filter was derived in the frequency domain 
and stationary frames. An instantaneous positive-negative 
sequence frame was proposed as an expansion of 
symmetrical components theory, in which the 
frequency-domain model of d-q methods is significantly 
simplified. These frequency-domain analytical models 
imply that the synchronous-frame d-q methods obtain the 
current harmonics with spectrum transformation of low 
pass filter at run time.  

Based on these frequency analytical models, the 
synchronous filter was compared with the traditional 
bind-pass filters. Furthermore, stationary filters were 
proposed to eliminate the inherent coupling effect of 
synchronous transformation. Typical examples are given 
to verify previous analysis and comparison. Simulation  

 

 

 
a) d-q synchronous filter b) Traditional bind-pass filter c) 4-order stationary filter 

Up curve: load current of phase a (2A/div); Down curve: detected fundamental current of phase a (2A/div). Horizon axis: time: (20ms/div). 

Fig. 12  Experimental results in symmetrical system 

 

  
a) Unsymmetrical load current  b) Output of synchronous filter c) Output of traditional BPF d) Output of stationary filter 

Horizon axis: time (10ms/div). Vertical axis: currents (2A/div). 

Fig. 13  Experimental results of three-phase current in unsymmetrical system 
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and experimental results are also provided for verification. 

 
Appendix 

 
The transfer function ( )αβ sH  in αβ  stationary frame 

is derived in detail in the appendix.  
Define the stationary frame transfer function ( )αβ sH  as 
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where the input vector is 
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component of input vector.  

First, the time domain 
T

( ) ( ) ( )dq d qt i t i t⎡ ⎤= ⎣ ⎦I  is 

transformed to (15).  
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Applying Laplace transformation, (15) becomes 
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After the low pass filter in synchronous frame, 
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Similar to the first synchronous transformation as (15) 

and (16), the fundamental component as output vector 
( )f sαβI  is obtained in terms of Laplace transformation 
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Substitution of (16) and (17) to (18) yields (19). 
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Because of the equation  
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(19) is simplified to (21). Various forms of the transfer 
function can be obtained as (22) in αβ  stationary frame. 
Each of the expressions can be explained with specific 
physical meanings, but here in this paper the expression of 
(4) is selected for reasons of simplicity.  
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